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Abstract. It is shown that, when plane polarised light of frequency w and polarisation 
angle 4o is scattered by harmonically bound electrons of natural frequency U,, the 
polarisation angle, 4, of the second harmonic ( 2 w )  scattered light is given by 

tan &,, sec e i f w = w ,  

i f w = f w ,  

if w z wo, w z i w ,  f sin 240/(c0s2 4, cos e - ,.t ) 
where ,.t = ( w i -  w2)/ (wi-4w2) and 0 is the angle of scattering. To an observer facing the 
incident light, 4, is the minimum angle that the electric vector makes with the plane of 
scattering; similarly r#~ is the minimum angle that the electric vector of the scattered light 
viewed by an observer facing it makes with that plane. The consequences are discussed. 

1. Introduction 

The invention of lasers as sources of highly intense monochromatic electromagnetic 
waves and the advent of optoelectronic techniques for detecting radiation of very low 
intensity have led to great interest in the optical non-linear effects (Minck e? a1 1966) 
observed in the interaction of light with matter. Franken e? a1 (1961) have generated 
second harmonics by a ruby laser beam in a crystal of quartz. The theoretical study 
of this phenomenon has been made for the case of free electrons (Vachaspati 1962, 
1963, Brown and Kibble 1964, Prakash and Vachaspati 1967, Prakash 1969) as well 
as for bound electrons (Neugebauer 1959, 1963, Bali and Dutt 1965, Dutt e? a1 1966, 
Goyal and Prakash 1971, Verma and Vachaspati 1986). Similar studies of the problem 
(Brown and Kibble 1964, Englert and Rinehart 1983, Jafarpour 1975) using different 
techniques have confirmed the findings of Vachaspati (1962,1963) and Prakash and 
Vachaspati (1967). 

Recently, Englert and Rinehart (1983) have detected the second harmonic gener- 
ation and studied its intensity. Using a polariser in front of the detector apparatus, 
the polarisation properties of second harmonic radiation by free electrons (Dhar 
Dwivedi and Vachaspati 1980) should be easy to verify experimentally. As the second 
harmonic generation (SHG) is enhanced by using bound electrons at resonances, the 
experimental detection of SHG in this case should be easier than that in the earlier 
case. The above experiment induces us to study the polarisation properties of second 
harmonics ( 2 w )  in the scattering of plane polarised light by electrons bound by a 
simple harmonic force. The dependence of the scattering cross section on the angle 
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of initial polarisation, 40, on scattering angle, 8, and on a, the ratio of the natural 
frequency of the bound electron to the frequency of the incident light, has also been 
discussed. 

2. Equation of electron motion 

The equation of motion 
z -  yz+wiz  =(e/m)[E(z,  t ) + ( z x H ( z ,  t ) ) ]  ( l a )  

of a harmonically bound electron of mass, m, and charge, e, in an external electromag- 
netic plane polarised monochromatic field of frequency w with the wavevector k = wn,, 

E ( z ,  t )  = Eo COS(wt  - k t) H ( t ,  t ) = H 0 c o s ( ~ t - k *  Z )  

lEol= W O 1  = Eo (1b) 
eo = Eo/ Eo 
where y is the damping constant, has been solved by using perturbation technique as 
a series in increasing powers of the amplitude of the incident fields: 

no=  k/w = (O,O, 1) [no, eo1 = Ho/Ho y = :e2/ m 

where z‘“) denotes terms involving E,“. 
On using relation ( lb ) ,  the equation of motion ( l a )  reduces to the following. 
(i)  First-order equation 

(e/m)Eoeo cos wt. (2a)  z ( 1 ) -  w;z‘l) = 

(ii) Second-order equation 

$2)  - yz‘” + , iZ (2 ’  = - 1 __ e’E; blnosin 41 ---bln0sin(2wt-~,) .  1 e’Ei (2b) 2 wm2 2 w m 2  
(iii) Third-order equation 

1 e3Ei  
4w;m3 O 

z ‘ 3 ) -  y z ( 3 ) + w ; t ‘ 3 ) = - -  b e sin 4, sin w t  

3 e3Ei  
4 w2m 
1 e3Ei  

+--y blb2eo cos(3wt - +1 - 42) 

+4w2m3blb2eocos(wt-41-+2)  

where b, = [ ( U ’  - n2)2  + I‘’n6]l-1’2 with r = yw and a = wo/ w. 

3. Solution of the equation of motion 

The explicit solutions of equations (2u, b, c )  in the strength of the external field are 
(Bali and Dutt 1965) 

1 e’Ei 
WZ(’) =im blno[sin C#J~ - b2a2 sin(2wt - 41 - 42)l 
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(3c) 

where 

sin c#J,, = n3b,,r cos c $ ~  = ( a ' -  n2)b,, n = 1,2,3.  

It is obvious from the above solutions that the electron oscillates not only with the 
frequency w of the incident light but also with the frequencies that are integral multiples 
of it. The phase shifts, +,,, are appreciable only for those frequencies which are integral 
submultiples of the natural frequency wo,  i.e. for which o = wo/n; in this case they 
become *.rr/2. 

4. The radiation field 

The electric and magnetic radiation fields of an oscillating electron in the direction of 
unit vector n from its mean position can be calculated with the help of the expressions 
(3a, b, c) at retarded time; they are (Vachaspati 1962) 

e 
r HSca" = - ( n  x M) n = x/lxl (4a)  Esca t t  = H s c a t t  

M = (1 - n - u) - ' (1  - u 2 ) - ' ( u ( l  - n * u ) - ' [ - ( U  - n ) + ( u  U )  

- ( n .  u ) ( u  * U ) +  u 2 ( n  - l i ) ] [ U  - u'u+ ( U '  U ) u ] }  

evaluated at the retarded time 

t = xo - 1x1 + n * z (  t )  

where U = dz/dt is the velocity of the electron and U = d2z/dt2 is the acceleration of 
the electron. On using solutions (3a ,  b, c) equation (4b) reduces to the expression 

M = M, + M2, + M3, + . . . (4c) 

where 
eE0 1 e3EA 
m w m  

M, = -b,eo cos( + - - ~ ~ b , { b , e o  cos' a cos( + - 
-2b2[(e0cos e-2nocos a )  ~ o s ( $ - 4 ~ ) + e ~ c o s ( $ - 2 4 , - + ~ ) 1  

-4(1/a2)e0(1 -cos e) sin 4, sin(+--dl)} (4d)  

(4e) 
e 2 E i  
o m 2  

M,, = -2-b,[b1eo cos a sin 2($ - &)+ b2n0 sin(2$- 4, - 4*)] 

9 e3E; 
8 w'm 

M3, =-- bl{6b,b3eo C O S ( ~ +  - 41 - 42- 43) - b1[3bleo C O S ' ~  cos 3(+ - &) 

+2b2(e0cos e+2n0cos a )  cos(3CL-4,-4,-4,)]} 

+ = w (xo - I XI 1 cos a = ( n  eo) = -sin 6 cos 4o cos O = n - n o .  (4f 1 
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5. Polarisation properties of scattered 20 radiation 

5.1. Notation 

To study the polarisation of the scattered 2w radiation, we follow Dhar Dwivedi and 
Vachaspati (1980). We take the direction of the electric field as the direction of 
polarisation. Consider a plane (the plane of the scattering) containing the incident 
light and the observed light with unit vectors no and n, respectively. The electric field, 
Escatt, of the scattered wave orthogonal to n is decomposed along unit vectors a1 and 
a2 which are such that (a1,  a2,  n )  form a right-handed coordinate system. If the 
second harmonic (20)  scattered light is plane polarised, it can be written in the form 

E"'"" = EYtt(cos 4al +sin + c y 2 )  cos(2$ + 6 )  ( 5 )  

where 

a1 = cosec e( no - cos e n )  
a2 = cosec 8 ( n  x no) cos 8 = no n 

and 6 is the phase angle. 4 is the angle of polarisation of the light scattered through 
scattering angle 8 which the electric vector makes with a l .  We do not distinguish 
between the angles 4 and r + 4 and 4 varies from 0 to T. 

The incident electric vector, EinC, can similarly be decomposed along unit vectors 
PI and p2 which, along with no,  form a right-handed coordinate system. One can 
write equation ( l b )  as 

(6) 
where PI = -cosec 8(n -cos On,), p2 = a2 and 4o is the angle of polarisation of the 
incident light which the electric vector makes with p1 (see figure 1). 

EinC = E?'(cos 4op1 +sin 40p2) cos(wt - k z )  

5.2. Electric jield for second harmonic (2w) 

On using equation ( 4 e ) ,  equation ( 4 a )  then reduces to the expression 
2 e 3 ~ :  

= -- bl[b,(cos oeo-cos2 an) sin 2($ -41)  
rum' 

(Pointing into the paper I 
az=P2 r 

I 
I 
I Scattered 

l ight  

Incident l igh t  

Figure 1. The electric vector of incident light is resolved along mutually perpendicular 
unit vectors ( P I ,  P2 and no) and that of the scattered 2w light is resolved along the unit 
vectors (a,, a2 and n ) .  Unit vectors P I ,  a l ,  no and n are in the plane of the scattering 
and pz = a2 is perpendicular to the plane of scattering pointing into the paper. 
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To study the polarisation properties of the second harmonic scattered light, we resolve 
e, and no (direction of propagation of the incident beam) along the three axes a], a2 
and n. Thus we obtain 

e, = cos 8 cos $,a, +sin 4oa2 - sin 6 cos don ( s a )  

and 

no = sin ea, + cos en. ( 8 b )  

Substituting equations (sa, b )  in equation ( 7 ) ,  we have 

S = [ b, cos $,(cos 8 cos $,a1 +sin $0a2) sin 2(4  - 4,) - b2a1 sin(29 - 4, - d2)]. (9) 

It is to be noticed that S, to which E"'"" is proportional through a factor A, is not of 
the simple form ( 5 )  given in 0 5 ,  because in this case the light is, in general, elliptically 
polarised while the expression ( 5 )  is for plane polarised light. That the ellipticity is 
very small and is, in fact, proportional to the very small factor r, is a conclusion at 
which we arrive only after a fairly long calculation. One can write equation (9) as 

S = S, cos(24 -24, + 5)+Ss sin(24 - dl - &+ 5 )  (10) 

with S, S, = 0 (the orthogonality condition) where 

S, = -( B ,al + B2a2) sin 5 - B3 cos [a, 

and (11) 

S, = (&a, + B2a2) cos 5 - B, sin ,$al. 

In equations (10) and (ll),  5 is essentially the ellipticity parameter. From the above 
expressions, we have the following relation: 

cot25=-(B;+B:-B:)/B,B3 (12) 

8, = b ,  cos' $, cos 8 - b2 cos( 6, - 4') 

where 

cos( 4 ,  - 4') = b ,b2[ (a2  - l ) ( a 2  -4) + 8r2] 

sin(&- 42) = b , b 2 ( 4 - 7 a 2 ) r .  

Let us discuss some special cases of interest. 

5.2.1. For resonance at a = 1,  i.e. o =wo.  After a straightforward but tedious calculation, 
we find that the ellipticity parameter 5 is given by the expression 

r 16 cos' 4, cos 8(sin2  COS' 4o cos' @)+sin2 4o 
3 cos $o(sin2 +,+cos2 $, cos' e) c o s t = -  (14 )  
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For very small r, cos 6 = 0, i.e. 6 = ~ / 2 ,  except for some special cases. The expression 
for double frequency electric field can be written as 

1 
S = - cos 40[cos 4o cos ea, +sin 40a2] sin f 

f =2+-2cP, 

r 
tan 4 = tan qho sec 8. 

The second harmonic light is thus plane polarised and the angle of polarisation qh 
depends both on the angle of scattering 8 and on the angle of initial polarisation 4o 
and has been plotted in figure 2 for different 8 and 40. In particular, it is not polarised 
in the plane of scattering except in the case when the coefficient of a2 vanishes, i.e. 
when 4o = 0. The scattered light is polarised in the perpendicular plane either when 
the incident polarisation angle 4o is equal to ~ / 2  irrespective of the value of 8 or 
when the scattering angle 8 is equal to n/2 irrespective of the value of cP0. 

The cross section is plotted in terms of qho and 8 in figure 3. The expression for 
the cross section is given by 

4 e6Et  , (!e) =(-) T [ 3 - ( s i n 2  e  COS'^^-^)*]. 
pol light r4 

We see from (16) that the scattering is symmetric about 8 = ~ / 2  for all 4o as is obvious 
from figure 3. The cross section vanishes at 8 = 0, and 8 = T for all cP0. 
5.2.2. For resonance at w = f w o .  The ellipticity in this case is as 

sin 6 = $ sin 2 4 ~  
cos 6 = 1 -: sin' 24,~' .  (17) 

We see that the ellipticity is directly proportional to a very small factor r which can 
be neglected. We have sin 6 = 0, i.e. 6 = 0 and 

1 
s = - a , c o s f .  

8r 

+o.Oo 

0 30 60 90 1M 1% 180 
8 (degl 

Figure 2. Variation of 4 as a function of 8 for different do at resonance o = wo,  tan 4 = 
tan +o sec 8. 
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o'il 0.3 

8 (deg) 

Figure 3. Variation of the cross section as a function of 8 for various do at w = w o ,  i.e. 
a = 1 and qo = eE,/mw,. It vanishes at 8 = 90" for do = 0" and attains maximum value at 
8 = 35" for do = 30". 

The scattered 2w radiation is linearly polarised and its electric field vector is perpen- 
dicular to n (the unit vector along the propagation of scattered light) in the plane of 
scattering. From equation (18) ,  we have tan 4 = 0, i.e. 4 = 0. This means that the 
second harmonic light is always polarised in the plane of the scattering, no matter 
what the scattering angle and the incident polarisation are. This is the best method 
for obtaining plane polarised scattered 2w light. The scattering cross section at w = f w o  
is given by 

1 e6Ei  
sin' e. 

It is seen that the cross section is independent of the initial polarisation 4o and 
only depends on the scattering angle 8. The behaviour of the cross section for various 
values of e is illustrated in figure 4. The scattering is symmetric about 8 = 7r/2. The 
cross section is a maximum at e = 7r/2 and vanishes at e = 0 and 8 = 7r. The cross 
section for resonance at w = wo is much greater than in the case of resonance at w = f w o  
because of l/r4 dependence. 

5.2.3. Far from resonances. If we are far from the resonances, i.e. la - 11 >> r, la - 21 >> r, 
then b , = w 2 / ( w ~ - w 2 )  and the phase shift becomes zero. The electric field for the 
second harmonic in this case becomes 

(20) 
The intensity of scattered light is very small in this case of non-resonance. We see 
from expression (20) that the light is plane polarised and its angle of polarisation 4 
is given by 

S =  b,{[cos2 4ocos 8-(a2-l)/(a2-4)]cu,+sin 4ocos 4,a2)sin2J/. 

sin (Po cos 4o 
cos 0 cos2 4 0 - ( a 2 - l ) / ( a 2 - 4 )  tan 4 = OSCp<lT. 
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Figure 4. Angular variation of the scattering cross section for second harmonic at o = fao, 
i.e. a = 2 and qo = eE,/ mu,. It is observed that the cross section is a maximum at !3 = 90". 

The nature of the final polarisation for various typical values of a, 6 and Cb0 is illustrated 
in figures 5 and 6. We see that if 4o = 0 or r / 2  then 4 = 0. This means that, if the 
incident light is polarised in the plane of scattering or perpendicular to it, then the 2w 
scattered light is polarised in the plane of scattering, no matter what the angle of 
scattering is. 

The scattered light would be polarised perpendicularly to the plane of the scattering 
if 

cos2 &COS O=(a2- l ) / (a2-4) .  (22) 
- 

This requires (a2-  l ) / (a2 -4 )  to lie between -1  and 1, which means that a sJ$ and, 

0 0 ,  , 
0 30 60 90 120 150 180 

e Ideg) 

Figure 5. Polarisation of the scattered 2w light, +, plotted against the angle of scattering 
6 for various incident polarisation +o at a = 0.5 ( w  # U,,, w # t w o ) .  
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r 
60 

- 
cn g 40 
I 

.8 

20 

$,=lSO 1 - 

t - 

I 1 

0 30 60 90 120 1% 180 
e (deg) 

Figure 6. Polarisation of the scattered 2w light, 4, plotted against the angle of scattering 
0 for various incident polarisation do at a = 1.6 ( w  # w o ,  w # i w o ) .  

since a = w o / w ,  this can also be written 

w 3 0 . 6 3 ~ ~ .  (23) 

It is seen from the above relation that, when the frequency of incident light is equal 
to or greater than 0.63 times the natural frequency of bound electrons, the scattered 
light can be polarised perpendicularly to the plane of the scattering for particular 
values of 40. 

The expression for the cross section at Iw - woI >> r, Iw -fwol >> r in terms of &, 0 
and a, is written as 

der""' 4e6Ei sin' e (x) = w 2 m 4 ( a 2 -  [ ( p  - cos e cos' 40)2 + sin' 240] (24) 

and h-as been plotted in figure 7 for different values of c $ ~ ,  e and p. For Ipl< 1 then 
a<& (see figure 8). p may be neglected and the angular dependence of the cross 

4,. 00 
n 

0 
e (degl 

Figure 7. The differential scattering cross section for second harmonic against 0 and do 
for a = 1.5 ( w  # w o ,  w Z f w o ,  9,, = eEo/ mu,,). It is observed that the cross section attains 
its maximum value at 0 = 57", do = 0'. 



4200 V P Verma and Vachaspati 

To infinity \ 

-2.0 O r  

-4 .0 -  TO inf ini ty 

1 + ‘  
Figure 8. Variation of p with c1 = w o / w ,  the ratio of the frequency of bound electron to 
the frequency of the incident beam. 

section is essentially given by 

If 1p.l exceeds 1, and is rather large as happens for a > & then the cross section is 
essentially proportional to sin’ 8p2 and gets more or less independent of 40. The term 
-2p cos e cos2 cpo sin‘ 8 adds a ripple to the background value p2 sin’ 8 and another 
smaller ripple arises from the rest of the term independent of p. For intermediate 
values of lpl, when it is neither too small to be neglected nor too large to be the 
dominant term, the behaviour of thesross section is more complicated. This happens 
when a is in the neighbourhood of di= 1.58 or when a exceeds, say, 4 (so that p + 1). 

sin’ e cos’ 40(cos’ e cos’ do+ sin2 40). - 

6. Concluding remarks 

As shown above the second harmonic beam into which the plane polarised electromag- 
netic radiation is scattered is also nearly plane polarised. In the case of non-resonance 
at ( w  - woI >> 0 and Iw -iwol >> 0, the scattered 2w radiation is polarised in the plane of 
the scattering when the incident light is polarised in the plane of scattering or perpen- 
dicular to it, no matter what the angle of scattering is. The scattered light can have 
perpendicular polarisation only in some special cases which are discussed. In the case 
of resonance at w =+coo, the second harmonic is always polarised in the plane of 
scattering, no matter what the polarisation of the incident light or the angle of scattering 
are. The polarisation angle 4 is given by equation (15) in the case of resonance at 
w = W O .  
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